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Abstract
Vertices of the independence graph of a graph G represent maximum independent sets of
G, two vertices being adjacent whenever the corresponding sets are disjoint. Vizing’s inequality
involving the independence number of the Cartesian product of graphs G and H states that
(G H)6min{(G)|V (H)|; (H)|V (G)|}. It has been observed by Hell, Yu and Zhou that the
equality is achieved precisely when there is a homomorphism from one factor to the independence
graph of the other factor. In this note, we prove that every graph is the independence graph
of some graph, and obtain some structural properties of independence graphs that enable us to
describe a large class of graphs for which (G G) = (G)|V (G)|.
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A set S is independent (or stable) in a graph G if any pair of vertices u; v∈ S are
nonadjacent in G. Maximum independent sets in G will be also called -sets in G.
The independence number (G) of a graph G is the cardinality of an -set in G. Thus
an independent set S in G is an -set whenever |S|= (G).
The Cartesian product G H of graphs G=(V (G); E(G)) and H=(V (H); E(H)) has
the vertex set V (G)×V (H), and vertices (u; v); (x; y) are adjacent whenever u= x and
vy∈E(H), or ux∈E(G) and v= y. By pG and pH we denote the natural projections
to the factors G and H , respectively. For a Bxed vertex u∈V (G), an H -layer Hu is the
subgraph of G H induced by the set of vertices {(u; v); v∈V (H)}, and analogously
we deBne G-layers.
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The following inequality was observed by Vizing [8]:
(G H)6min{(G)|V (H)|; (H)|V (G)|}: (1)
It follows from the fact that in each G-layer (respectively H -layer) of the Cartesian
product of graphs at most (G) (respectively (H)) vertices form an independent set.
Inequality (1) was considered also in [1,4,7], where, in particular, it was improved
for some special classes of graphs. Algorithmic aspects of the independence number of
product graphs were studied in [5]. Here we are mainly interested in pairs of graphs for
which the equality is attained in (1). A characterization of these graphs was obtained
by Hell et al. [2]. For the sake of completeness we present our proof of this result.
First the main deBnitions.
Let S be the set of -sets of G. Then the independence graph Ind(G) of G is the
graph with V (Ind(G))=S, and S1; S2 ∈S are adjacent whenever S1∩S2 =∅. Let G;H
be graphs. A homomorphism from G to H is a mapping h : V (G) → V (H) such that
for any pair u; v∈V (G) we have: if uv∈E(G) then h(u)h(v)∈E(H). If there exists a
homomorphism from a graph G to a graph H we write G → H .
Theorem 1 (Hell et al. [2]). Let G;H be graphs. Then
(G H) = min{(G)|V (H)|; (H)|V (G)|}
if and only if H → Ind(G) or G → Ind(H).
Proof. Suppose Brst that G and H are graphs such that (G)|V (H)|6 (H)|V (G)|,
and that equality in (1) holds, thus (G H) = (G)|V (H)|. Let A be a maximum
independent set of G H . Note that in each G-layer of G H at most (G) vertices
are from A. As the number of G-layers is |V (H)| and |A|= (G)|V (H)|, this implies
that in each G-layer exactly (G) vertices are from A. In other words, vertices of
A in each G-layer form a maximum independent set of this G-layer. Let u; v∈V (H)
be adjacent vertices. Then the sets pG(A ∩ Gu); pG(A ∩ Gv) clearly correspond to two
disjoint -sets of G. Hence there is a mapping h : H → Ind(G) such that if uv∈E(H)
then h(u)h(v)∈E(Ind(G)).
For the converse, Brst observe that it is enough to prove that if there is a homomor-
phism h : H → Ind(G) then (G H) = min{(G)|V (H)|; (H)|V (G)|}. Thus suppose
that h is such a homomorphism. We deBne a set A of G H in the following way. For
each vertex u∈V (H), set A∩Gu={(x; u); x∈ h(u)}. It is obvious that |A|=(G)|V (H)|,
and clearly A is an independent set.
Recall that an n-coloring of a graph G coincides with a homomorphism from G to
Kn. Thus, a special case of Theorem 1 follows when we consider largest cliques of
Ind(G), respectively Ind(H), and the cases when there is a homomorphism from H ,
respectively, G, to these cliques. In other words H is !(Ind(G))-colorable, or G is
!(Ind(H))-colorable.
Corollary 2. Let G;H be graphs. If G is !(Ind(H))-colorable or H is !(Ind(G))-
colorable then (G H) = min{(G)|V (H)|; (H)|V (G)|}.
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Fig. 1. The complement KG of G.
The corollary implies the equality in (1) if one factor, say G, is bipartite, and
!(Ind(H))¿ 1 which was also observed in [1]. Note that the converse of Corollary 2
does not hold in general. For instance, observe that Ind(C2n+1) = C2n+1, where n¿ 1
thus we have (C2n+1 C2n+1)=(2n+1)(C2n+1) by Theorem 1. Yet for n¿ 1; !(C2n+1)
= 2, but C2n+1 is not 2-colorable.
Several properties of independence graphs of some classes of graphs can be de-
rived from the literature. The number of maximum independent sets in graphs (i.e.
the number of vertices in the independence graph of a graph) has been investigated
by several authors. The maximum number of maximum (and maximal) independent
sets for graphs given the number of vertices were studied in [6]. In [3], the graphs
with unique maximum independent sets are considered, that is graphs of which the
independence graph is K1. For the structure of maximum independent sets in trees we
refer to [9]. On the other hand, the structure of independence graphs is mostly open, in
particular the existence of homomorphisms to these graphs. In this note, we will prove
two results on the independence graphs, giving some more light to the achievement of
equality in (1).
Our Brst result in this direction shows that the independence graph transformation
generates all graphs.
Theorem 3. Let G be a graph. Then there is a graph H such that Ind(H) = G.
Proof. We shall prove the theorem by constructing a graph of which -graph is given.
So, let G be an arbitrary graph, and let = (G) denote the largest vertex-degree in
G. Set d(G) = max{(G); 3}.
Our construction consists of the following four steps (see also Bgures, where as an
example of G we take K1;3 with a pendant vertex attached to one vertex of degree
one):
(1) Let KG be the complement of G (Fig. 1).
(2) Replace all edges of KG by 2-edge-paths. Denote the set of vertices that correspond
to vertices of KG by A. Then add so many neighbors of degree one to each vertex
of A such that vertices of A have degree d(G), and call the resulting graph G′.
Set B= V (G′) \ A (Fig. 2).
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Fig. 2. Graph G′ obtained from KG.
Fig. 3. Graph H ′ with circled maximum cliques.
(3) Add an edge between any two vertices of B that have a common neighbor in G′.
Let us denote the resulting graph by H ′ (Fig. 3).
(4) Finally, let H be the complement of H ′.
We claim that Ind(H) = G.
Note that in H ′ the closed neighborhoods of vertices from A form cliques, and it
is clear that all these cliques are maximal, and of size d(G) + 1. On the other hand,
if vertices of B form maximal cliques, then they can only be of size 3 which is less
than d(G) + 1. Hence, maximum cliques of H ′ are precisely closed neighborhoods of
vertices of A. Each of these cliques contains a unique vertex from A, and two such
cliques are intersecting if and only if the corresponding vertices of V ( KG) are adjacent in
KG. Finally, maximum cliques in H ′ correspond to -sets of H , and two -sets in H are
nondisjoint if and only if the corresponding maximum cliques in H ′ are intersecting.
Hence two -sets of H are disjoint (that is, they form an edge in Ind(H)) if and only
if the corresponding two vertices of V (G) are adjacent.
Given a graph G let H be the graph for which Ind(H) = G (as constructed in
Theorem 3). For an arbitrary graph K ′ with (K ′)¡(H), let K be the join of H
and K ′. Clearly, the maximum independent sets of K correspond bijectively to the
maximum independent sets of H , and Ind(K)=G. Hence (G K)=(K)|V (G)| holds
for every K of this (large) family of graphs.
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In the second result of this note we will consider the case G=H , that is the graphs
for which (G G)=(G)|V (G)|. These graphs are also interesting from the standpoint
of their independence ratio of graph powers, cf. [2]. By Theorem 1 these are precisely
the graphs with G → Ind(G). We are able to describe a rather large subclass of these
graphs, the graphs with color classes of the same size.
Proposition 4. For every graph !(Ind(G))6 (G). Furthermore, the equality holds
precisely when (G)(G) = |V (G)|.
Proof. Let n = |V (G)|. Take a proper coloring of G and let N denote the size of
its maximum color class. Clearly, N is not less than the average cardinality of color
classes, that is
N¿
n
(G)
(2)
and obviously (G)¿N . Vertices of a clique in Ind(G) represent pairwise disjoint
-sets with cardinality at least N , therefore any clique of Ind(G) is of size at most
n=N , hence
!(Ind(G))6
n
N
6 (G): (3)
Let us now prove, that the equality (G)(G) = |V (G)| characterizes the graphs
which have the chromatic number equal to the maximum clique size of their -graph.
Suppose !(Ind(G))=(G). From (3) we infer that n=N!(Ind(G)). Since N6 (G)
and n¿ (G)!(Ind(G)) (vertices of a clique of Ind(G) represent pairwise disjoint
-sets with cardinality exactly (G)) we have
(G) =
(G)!(Ind(G))
(G)
6
n
(G)
6N6 (G): (4)
It follows that |V (G)|= n= (G)(G).
Conversely, |V (G)| = (G)(G) implies that the average size of color classes in
the minimum coloring is (G) which in turn implies that all color classes must be of
size (G). Therefore, all color classes are -sets of G that are pairwisely disjoint by
deBnition of coloring. Hence !(Ind(G)) = (G).
In fact, from (4) even a slightly stronger bound follows:
!(Ind(G))6
N(G)
(G)
; (5)
where N is the minimum of the sizes of largest color classes over all (G)-colorings of
G. To see that it is really stronger consider C9. The upper bound for !(Ind(C9)) given
by Proposition 4 is (C9)=3, while N(C9)=(C9)= 94 which implies !(Ind(C9))6 2.
Corollary 5. If (G)(G)=|V (G)| then G is !(Ind(G))-colorable, and hence (G G)
= (G)|V (G)|.
In the case of bipartite graphs the situation is simpler, and the corollary holds in both
directions. That is, if G is bipartite with (G G)= (G)|V (G)|, then from Theorem 1
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we derive that Ind(G) must have (at least) one edge. In other words !(Ind(G))¿ 2,
which implies that G must have (at least) two maximum independent sets, which is
possible only if (G) = |V (G)|=2, hence (G)(G) = |V (G)|. We have thus shown
Corollary 6. Let G be a bipartite graph. The following statements are equivalent:
(i) 2(G) = |V (G)|,
(ii) !(Ind(G)) = 2,
(iii) (G G) = (G)|V (G)|.
However, in general, the equality (G G) = (G)|V (G)| is not achieved just by
these graphs. For instance, recall again the odd cycles of length at least 5, for which
(G)(G)¿ |V (G)|, and G is not !(Ind(G))-colorable.
We wish to thank Sandi Klav#zar for several useful comments on the manuscript. In
particular, he pointed out that Theorem 1 has already been known. We also thank an
anonymous referee for the remark after Proposition 4.
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